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Rare Event Estimation via Large Deviation Theory

Large deviation theory (LDT) concerns the asymptotic tail behaviour of
probability distributions. Under certain conditions,∗ a variant of LDT states

lim
z→∞

→I(θ∗(z))
logP(z) = 1, where θ∗(z) := arg min

θ∈Ω(z)
I(θ),

and I : Ω → R denotes the rate function (I(θ) = 1
2 ||θ||

2 if θ ∼ N (0d, Id)).
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NOTE: need to add Ω(z) to the diagram.
We aim to estimate

P(z) :=
)

Rd
IΩ(z)(θ)π(θ) dθ.

Alex de Beer 3 / 20

∗Dematteis et al. (2019), Tong et al. (2021)
4 / 17

Rare Event Estimation
Rare events arise in a wide variety of contexts (e.g., structural failure,
volcanic eruptions, pandemics) and can have significant consequences.
Ω(z) := {θ → Ω : F(θ) ≥ z}

Rare Event Estimation
Rare events arise in a wide variety of contexts (e.g., structural failure,
volcanic eruptions, pandemics) and can have significant consequences.
Ω(z) := {θ : F(θ) → z}

µ ª º

Rare Event Estimation

Rare events arise in a wide variety of contexts (e.g., structural failure,
volcanic eruptions, pandemics) and can have significant consequences.
To formulate a rare event mathematically, we introduce an unknown
parameter, θ ∼ µ..., parameter-to-event mapping F : Rd → R
P({θ : F(θ) ≥ z})

θ $→ F(θ) (1)

Alex de Beer 3 / 20

Rare Event Estimation

Rare events arise in a wide variety of contexts (e.g., structural failure,
volcanic eruptions, pandemics) and can have significant consequences.
To formulate a rare event mathematically, we introduce an unknown
parameter, θ → µ..., parameter-to-event mapping F : Rd → R
P({θ : F(θ) ≥ z})
{θ : F(θ) ≥ z}

Alex de Beer 3 / 20
z

NOTE: need to add Ω(z) to the diagram.
We aim to estimate

P(z) :=
)

Rd
IΩ(z)(θ)π(θ) dθ.

Alex de Beer 3 / 20

µ ª º

Rare Event Estimation

Rare events arise in a wide variety of contexts (e.g., structural failure,
volcanic eruptions, pandemics) and can have significant consequences.
To formulate a rare event mathematically, we introduce an unknown
parameter, θ ∼ µ..., parameter-to-event mapping F : Rd → R
P({θ : F(θ) ≥ z})

θ $→ F(θ) (1)

Alex de Beer 3 / 20

z
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∫

Ω
IΩ(z)(θ)π0(θ) dθ.

NOTE: make pi into pi0, and add Omega somewhere on the diagram
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Large Deviation Theory-Based Importance Sampling
We can use LDT to design importance sampling algorithms that improve
significantly on a naive Monte Carlo estimate.∗

The eigendecomposition of the LDT Hessian, given by

HLDT(θ) := (I → n̂n̂%)∇2F(θ)(I → n̂n̂%),

evaluated at θ∗(z), provides insight into the directions in the parameter
space that determine whether an event is rare.

I (µ)
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Tensor-Based Approximations of Probability Densities

We can construct a tensor-based approximation of an arbitrary probability
density function, π.∗ To do this, we

1 Form a tensor product discretisation of the parameter space. The
corresponding function evaluation tensor T ∈ Rn1×n2×···×nd has
elements given by

T[i1, i2, . . . , id] = π(θ(i1)1 , θ(i2)2 , . . . , θ(id)d ).

2 Select basis functions (splines, Chebyshev polynomials, etc.) to
interpolate between the elements of T.

We aim to construct an accurate approximation to T using as few
evaluations of π as possible.
One way to do this is to use a tensor train decomposition. To form this we
can use cross approximation,† which requires O(dnr2) evaluations of π.

∗Dolgov et al. (2020)
†Oseledets and Tyrtyshnikov (2010)
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Extended Functional Tensor Train Approximations

To further reduce construction costs, we can consider an extended FTT
approximation of π, where T is approximated in the format:∗

T ≈ C ×1 F1 ×2 F2 ×3 · · ·×d Fd,

where C ∈ RR1×R2×···×Rd , Fk ∈ Rnk×Rk .

∗Strössner et al. (2024)
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Forming the Extended Functional Tensor Train

We start by forming a reduced basis for each mode of T.
For k ∈ {1, 2, . . . , d}:

1 Sample a sufficiently large random subset of mode-k fibres
2 Compute a reduced basis Uk ∈ Rnk×Rk by taking a truncated SVD
3 Form an oblique projection Uk(P%

Ik Uk)−1P%
Ik (empirical interpolation),∗

where PIk ∈ Rnk×Rk is a subset of columns of the identity matrix

The resulting approximation takes the form

T ≈ (T ×1 P%
I1 ×2 · · ·×d P%

Id )︸ ︷︷ ︸
C=T[I1,I2,...,Id]

×1 U1(P%
I1 U1)

−1
︸ ︷︷ ︸

F1

×2 · · ·×d Ud(P%
Id Ud)

−1
︸ ︷︷ ︸

Fd

,

where C is a subtensor of T and can be approximated in TT format.
This can be significantly cheaper to construct than a direct TT factorisation
if Rk ( nk.

∗Chaturantabut and Sorensen (2010)
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Sampling from Tensor-Based Density Approximations

We can derive the inverse Rosenblatt transport, T : Rd → Rd, which
provides a coupling between π̂ and an arbitrary product-form reference
density ρ. This allows us to generate samples from π̂.Tensor Train Approximations of Probability Densities
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ρ π̂ θ "→ T (θ) (1)
TODO: show a diagram of the reference measure (Gaussian) and
corresponding samples on target measure. add arrows with mapping T
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Deep Tensor-Based Density Approximations
If a density is highly concentrated or has a complex correlation structure, a
layered composition of FTTs may approximate it more accurately.∗

The construction of the FTTs is guided by a sequence of bridging densities,
π1,π2, . . . ,πK ≡ π.

º1 º2 º3 º4 ¥ º

º1 (T1)]º2 (T1 ± T2)]º3 (T1 ± T2 ± T3)]º4

º1 º2 º3 º4 ¥ º

º1 (T1)]º2 (T1 ± T2)]º3 (T1 ± T2 ± T3)]º4
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Tensor Train Approximations of Probability Densities

If a density is highly concentrated or has a complex correlation structure, a
layered composition of mappings may approximate it more accurately.∗

The construction of the composition is guided by a sequence of bridging
densities, π1,π2, . . . ,πK → π.

T = T1 ◦ T2 ◦ T3 ◦ T4 (1)

∗Cui and Dolgov (2022)
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Rare Event Estimation Using Tensor Approximations

The optimal importance sampling density for estimation of a rare event
probability takes the form

π∗(θ) :=
IΩ(z)(θ)π0(θ)∫

Ω IΩ(z)(θ′)π0(θ′) dθ′ ,

and gives a zero-variance estimate.
Cui et al. (2024) construct an FTT approximation, π̂∗ ≈ π∗. Instead of
approximating π∗ directly, they approximate a smoothed version:

π∗
γ(θ) =

f(θ; γ)π0(θ)∫
Ω f(θ′; γ)π0(θ′) dθ′ , where lim

γ→∞
f(θ; γ) = IΩ(z)(θ).

The smoothing parameter γ can also be used to define a sequence of
bridging densities.
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Our Contributions

Some areas we are interested in include
Designing “preconditioning” strategies based on LDT, including
working in terms of

1 u = θ − θ∗(z), or
2 u = Φ(z)−1(θ − θ∗(z)),

where the columns of Φ(z) are the eigenvectors of the LDT Hessian
Investigating whether the optimal importance density can be
approximated more accurately in extended FTT format
Approximating the optimal importance density in the LDT subspace
Approximating the optimal importance density in a subspace
constructed adaptively using ideas from Bayesian inverse problems∗
Applying these ideas in settings where the distribution of the
parameters is non-Gaussian (e.g., a Bayesian posterior)

∗Uribe et al. (2021)
12 / 23



SIR Model
To illustrate these ideas, we consider a compartment
susceptible-infectious-recovered (SIR) model governed by the dynamics

, . . . , ηK, νK]
→

The parameter-to-event mapping is given by

η1, ν1

2 η3, ν3

1 η2, ν2

3 η4, ν4

43

2 K

1dSk
dt = →ηkSkIk +

1
2
∑

j→Jk

(Sj → Sk),

dIk
dt = ηkSkIk → νkIk +

1
2
∑

j→Jk

(Ij → Ik),

dRk
dt = νkIk +

1
2
∑

j→Jk

(Rj → Rk), 2 η3, ν3 3 η4, ν4

θ := [η1, ν1, η2, ν2, . . . , ηK, νK]
→.

The parameter-to-event mapping is given by
for k ∈ {1, 2, . . . ,K}, t ∈ [0,T].
The parameter-to-event mapping is given by

F(θ) = max
t∈[0,T]

IK(t;θ).
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SIR Model: LDT-Based Preconditioning
We start by considering a setup with K = 8 compartments (θ ∈ R16), and
investigate the impact of preconditioning strategies based on LDT.
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When approximating the optimal importance density, we use
A tensor-product grid of size nk = 18 in each dimension
A fixed tensor train rank rk = 8 in each dimension
Piecewise linear basis functions
Five bridging densities
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SIR Model: Extended FTT

We now compare a standard FTT approximation of the optimal importance
density to an extended FTT approximation.
The extended FTT approximation uses a larger number of gridpoints than
the FTT approximation (nk = 28 vs nk = 18), but the number of function
evaluations required to construct each is comparable.
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SIR Model: LDT-Based Dimension Reduction

We now consider a setup with K = 16 compartments (θ ∈ R32).
We compare the accuracy of an FTT approximation to the optimal
importance density constructed without any dimension reduction, and some
approximations constructed in the LDT subspace.
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SIR Model: Comparison to Other Importance Densities

Finally, we compare the quality of the FTT-based approximation to the
optimal importance density (constructed in the LDT subspace) to

1 The unit Gaussian distribution centred at the LDT point
2 A Gaussian proposal obtained using a cross entropy method in the LDT

subspace
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Contaminant Transport Model
We now model a contaminant travelling through a fluid in a porous medium.
The fluid pressure, u(x), depends on the unknown diffusivity, κ(x):

→∇ · (κ(x)∇u(x)) = 0, x ∈ [0, 1]2.
The trajectory of the contaminant is given by

dx
dt = →κ(x)∇u(x), x(0) = [0, 0.5]%.

log(∑(x)) u(x) °∑(x)ru(x)

We aim to estimate the probability that the contaminant breakthrough
time (to reach the right-hand boundary) is less than or equal to a specified
threshold, z.
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Contaminant Transport: LDT-Based Preconditioning

We parametrise the log-diffusivity log(κ(x)) using a KL expansion of a
Gaussian random field with the Matérn covariance function (θ ∈ R25).
We start by comparing a standard FTT approximation of the optimal
importance density to an extended FTT approximation that uses the
LDT-based preconditioning techniques.
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Contaminant Transport: LDT Subspace

We now compare the accuracy of an FTT approximation to the optimal
biasing density constructed without any dimension reduction, and some
approximations constructed in the LDT subspace.
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Next Steps

Some conclusions:
If the LDT subspace is available, constructing an FTT approximation in
this subspace can be far more efficient than working in the full space
Otherwise, an extended FTT approximation may be more efficient to
construct than a standard FTT approximation

Ongoing work includes
Reducing the complexity of approximating the optimal biasing density
through preintegration∗
Designing alternative sequences of bridging densities that are easier to
approximate using FTTs
Applying these ideas to more challenging problems

∗See, e.g., Griewank et al. (2018)
21 / 23



Software

All FTT approximations in this talk were constructed using the
deep_tensor Python package.

https://github.com/DeepTransport/deep-tensor-py
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